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Abstract
We consider the action, in arbitrary curved background, of the
eleven-dimensional five-brane to second order in the curvature of the
worldvolume tensor field. We show that this action gives upon double
dimensional reduction the action of the Dirichlet four-brane up to the
same order. We use this result as a starting point to discuss the struc-
ture of the action including terms of higher order in the worldvolume
curvature.
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Introduction
The interest in supermembranes and higher-dimensional extended objects
was partly triggered by the construction, some years ago, of an action for
the eleven-dimensional supermembrane [1]. The bosonic part of this action
is given by
S =
∫
d3ξ[
√−g + ǫC] . (1)
The action contains the eleven scalars (target space coordinates) Xµ(ξi) (µ =
0, 1, · · · , 10; i = 0, 1, 2) and the bosonic fields of eleven-dimensional super-
gravity which act as background fields4. These are the metric g and the
three-form C:
gij = ∂iX
µ∂jX
νgµν , Cijk = ∂iX
µ∂jX
ν∂kX
ρCµνρ . (2)
The action (1) is invariant under the eleven-dimensional gauge transforma-
tions
δC = ∂χ . (3)
A particularly interesting property of this action is that the requirement of
the so-called kappa symmetry of the full action (i.e. including the fermions)
leads to the equations of motion of eleven-dimensional supergravity [1].
It has by now become clear that the other basic extended object in eleven
dimensions, besides the membrane, is a five-brane. The role of the five-brane
has been discussed recently in [3, 4, 5]. Given the interest in the super-
membrane action, it is clearly of interest to construct an action, similar to
(1), for the eleven-dimensional super five-brane. Partial results in this direc-
tion have already been obtained in the literature. For instance, it is known
that the (bosonic part of) the action contains, besides the usual embedding
coordinates Xµ(ξi) (i = 0, 1, · · · , 5), a self-dual worldvolume two-form Wij
[6, 7]. The action consists of two parts, a kinetic term and a Wess-Zumino
term. The kinetic term is non-linear in the curvature of the two-form. The
expression of this part to lowest order, quadratic, terms in the curvature has
been given in [8]. The Wess-Zumino term is of finite order in the two-form
4 For the background fields we use the notation and conventions of Ref. [2].
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curvature and has been given in [9]5. It is the aim of this letter to investi-
gate further the structure of the five-brane action, in particular its relation
with D–branes [10] and more specifically with the ten-dimensional Dirichlet
four-brane action.
1 The five-brane action at quadratic order
We first consider the five-brane action at quadratic order in the curvature of
the worldvolume gauge field in a curved background. Before doing this, it is
instructive to first consider the background fields {eµa, Cµνρ} that describe
eleven-dimensional supergravity. In particular the equation of motion for C
is given by
∂
(
⋆∂C + 105
4
C∂C
)
= 0 . (4)
This implies that there exists a dual six-form C˜ [3, 9] with6
G(C˜) = ⋆G(C) , (5)
where
G(C) = ∂C , G(C˜) = ∂C˜ − 105
4
C∂C . (6)
Note that C˜ transforms under the gauge transformation (3) as
δC˜ = −105
4
∂χC , (7)
5We thank Paul Townsend for bringing this reference to our attention.
6This relation defines implicitly C˜ in terms of C. Given ∂C˜, C˜ itself can be obtained,
for instance, from
C˜µ1...µ6 = 7
∫ 1
0
dλλ
6
∂[µ1C˜µ2...µ6ν](λx)x
ν
.
For a general k-form potential one has
Aµ1···µk = (−1)k(k + 1)
∫ 1
0
dλλ
k
∂[µ1Aµ2...µk+1](λx)x
µk+1 .
3
so that C and C˜ occur at the same time7. It turns out that C also occurs
inside the curvature H of the worldvolume two-form W as a Chern-Simons
term [8]:
H = 3(∂W − 1
2
C) . (8)
The gauge invariance of the field strength H implies the following gauge
transformation law for W :
δW = 1
2
χ . (9)
Combining the results of [6, 7, 8, 9] the five-brane action to second order
in H is given by
S =
∫
d6ξ
[√−g (1 + 1
2
H2) + ǫ( 1
70
C˜ + 3
4
∂WC)
]
. (10)
Following [2, 12] this action is related to the equations of motion of the
five-brane coordinates {Xµ,Wij} as follows. First one writes down the usual
equations of motion following from (10). Next, one substitutes in these equa-
tions the following (lowest order) selfduality condition:
H = ⋆H . (11)
This can be done consistently everywhere provided that the action (10) is
invariant under Poincare´ duality. By this we mean that if we dualize the two-
form W into a dual two-form W˜ , the action as a function of W is identical
to the action as a function of W˜ . To Poincare´-dualize the above action we
consider H as the fundamental field (instead of W ) and add the following
term to the action
∫
d6ξ 1
2
ǫ∂W˜
(
H + 3
2
C
)
, (12)
where W˜ij is a Lagrange multiplier that enforces the Bianchi identity for H.
We then eliminate H using its equation of motion
⋆H = H˜ ≡ 3(∂W˜ − 1
2
C) . (13)
7This is similar to what happens in the construction of certain extensions of the eleven-
dimensional Poincare´ superalgebra [11].
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One may verify that this procedure indeed leads to the required self-duality
of the five-brane action (to quadratic order).
We finally note that all terms in the action are fixed by gauge invariance
and selfduality [9]. For instance, the relative factor between the two terms
in the Wess-Zumino term in (10) are fixed by gauge invariance while the
coefficient of the second term in the Wess-Zumino term is related to the
Chern-Simons term inside the H curvature of the kinetic term via Poincare´
selfduality.
2 Double Dimensional Reduction
In this section we put hats on top of all the six- or eleven-dimensional objects
to distinguish them from the five- and ten-dimensional ones. In the target-
space dimensional reduction we use the results of [2] where this reduction
from eleven-dimensional supergravity to the ten-dimensional type IIA su-
pergravity was performed. For the accompanying world-volume dimensional
reduction we make the standard ansatz:
{
ξˆ ıˆ
}
=
{
ξi, ρ
}
,
{
Xˆ µˆ(ξˆ ıˆ)
}
=
{
Xµ(ξi), Xˆ10 = ρ
}
, (14)
which implies
∂iXˆ
µ = ∂iX
µ , ∂ρXˆ
10 = 1 . (15)
Now, using the Kaluza-Klein ansatz for the eleven-dimensional target–
space metric of Ref. [2], we get for the induced world–volume metric


gˆij = e
− 2
3
φgij − e 43φA(1)i A(1)j ,
gˆiρ = −e 43φA(1)i ,
gˆρρ = −e 43φ ,
(16)
where A
(1)
i is the pull-back of the ten-dimensional vector field A
(1)
µ etc. Using
this result and
Wˆij = Wij , Wˆiρ = Vi , (17)
one gets for the kinetic term
5
√
−gˆ
[
1 + 1
2
Hˆ2
]
=
√
g
[
e−φ + 1
2
eφH2 − 3
2
e−φF2
]
, (18)
where the three- and two-form field strengths H and F are given by
H = 3
(
∂W − 1
2
C − A(1)F
)
, (19)
F = 2∂V − B(1) . (20)
Next, we reduce the Wess-Zumino term. With the above definitions and
results one gets
3
4
ǫˆ ∂Wˆ Cˆ = 3
2
ǫ (∂WB(1) − ∂V C) , (21)
We define
ˆ˜
Cµ1...µ5ρ =
7
6
C˜µ1...µ5 , (22)
so that
G(C˜) = − ⋆G(C) , (23)
with
G(C) = ∂C − 2∂B(1)A(1) , G(C˜) = ∂C˜ − 15
2
(
C∂B(1) +B(1)∂C
)
. (24)
These equations follow from dimensionally reducing the defining equations
(5,6) for ˆ˜C.
Summarizing our results, we get the following five-dimensional action up
to quadratic order:
S =
∫
d5ξ
√
g
(
e−φ + 1
2
eφH2 − 3
2
e−φF2
)
(25)
+ǫ
[
1
10
C˜ + 3
2
(∂WB(1) − ∂V C)
]
.
This action is invariant under the following gauge transformations:
6
δC = ∂χ + 2B(1)∂Λ(1) , δW = 1
2
χ− 2∂Λ(1)V ,
δB(1) = ∂η(1) , δV = 1
2
η(1) ,
δA(1) = ∂Λ(1) , δC˜ = −15
2
(∂χB(1) − ∂η(1)C) .
(26)
By construction it is also selfdual in the sense that the action remains the
same in form if one dualizes the vector V to a tensor W˜ and the tensor W
to a vector V˜ . This means that it is consistent to substitute the following
relation
H = e−φ ⋆F , (27)
which is the double dimensional reduction of the selfduality condition (11)
into the field equations. The consistency is evident if one compares the
equations of motion and Bianchi identities of W and V :8


∇i(eφHijk) + 3 ⋆H(1)jk = 0 ,
∇i(e−φF ij)− 6 ⋆[G(C) + eφF (1)⋆H]j = 0 ,
∇i⋆Hij − 6 ⋆[G(C) + F (1)F ]j = 0 ,
∇i⋆F ijk + 3 ⋆H(1)jk = 0 .
(28)
Then, we can use relation (27) to consistently eliminate W from the field
equations of V and Xµ. The equations corresponding to Xµ are given by9:
8 Gauge invariance guarantees that the field equations can be given in terms of curva-
tures only. In order to achieve this in the equation of motion of V one has to substitute
the equation of motion of W .
9We have substituted the equations of motion of both V and W to simplify the expres-
sions.
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2gµσ∇i (T ij∂jXσ)− 9e−φF ijH(1)ijµ
+(K − eφH2)∂µφ− 6eφHijk
[
G(C)ijkµ + F
(1)
ij Fkµ
]
+ 1√
g
ǫijklm
[
3
5
G(C˜)ijklmµ − 3FijG(C)klmµ − 32HijkH(1)lmµ + 32F (1)ij FklFmµ
]
= 0 ,
(29)
where Tij is the energy-momentum tensor whose explicit form is not necessary
here and K is the kinetic term in the action. We next eliminate H using
the relation (27) from the equation of motion of V and Xµ and obtain the
following equations respectively:
∇i(e−φF ij)− 6 ⋆[G(C) + F (1)F ]j = 0 , (30)
2gµσ∇i
(
T ′ ij∂jX
σ
)
− 18e−φF ijH(1)ijµ +K ′∂µφ
+
1√
g
ǫijklm
[
3
5
G(C˜)ijklmµ − 6FijG(C)klmµ − 32F (1)ij FklFmµ
]
= 0 , (31)
Here T ′ij follows from T ij by eliminating H and is the energy momentum ten-
sor corresponding to a kinetic term K ′ where the H2 term has been removed
and where the factor in front of the F2 term has been doubled.
We find that the field equations (30,31) follow from the following action
S =
∫
d5ξ
√
ge−φ
(
1− 3F2
)
(32)
+ǫ
[
1
10
C˜ − 3∂V C + 3
4
B(1)C − 3
2
A(1)FF
]
.
This is exactly the Dirichlet four-brane action, up to quadratic order in the
kinetic term, constructed in [13]. Note that the result for the Wess-Zumino
term is complete. We conclude that the five-brane action in a curved eleven-
dimensional background leads, upon double dimensional reduction, to the
Dirichlet four-brane action in a curved ten-dimensional Type IIA background.
This extends the analysis of [8] to nonzero Ramond-Ramond background
fields.
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Finally, we note that it is not too difficult to find the massive, i.e. m 6= 0,
extension of the ten-dimensional Dirichlet four-brane action [13]. The only
changes are that in the defining relations (23–24), one has to use the massive
curvatures
G(C)m = G(C)m=0+
m
2
(B(1))2 , G(C˜)m = G(C˜)m=0−15m
6
(B(1))3 , (33)
and, furthermore, one has to add a topological term for V to the four-brane
action:
Sm = Sm=0 − 2m
∫
d5ξ ǫV ∂V ∂V . (34)
The eleven-dimensional origin of these mass-dependent terms is an open issue
[15, 13].
3 Nonlinearities
We will briefly discuss our efforts to extend the quadratic kinetic term (10) of
the eleven-dimensional five-brane to higher orders in the worldvolume curva-
ture H. In the present context, the action is constrained by two conditions:
it should be self-dual in d = 6, in the sense discussed in Section 1, and, on
double dimensional reduction to d = 5 (d = 10), it must give the Dirichlet
four-brane action to all orders in F .
Now, the kinetic term in the d = 10 four-brane action, to all orders in F ,
is known. It is of the Born-Infeld type, explicitly10:
S
(4)
kin =
∫
d5ξe−φ
√
det(gij + Fij) , (35)
with F as in (20). This action is related by T -duality to the kinetic terms
for the other d = 10 D-branes [15, 16, 17].
The determinant in (35) is of fourth order in F , i.e.
S
(4)
kin =
∫
d5ξe−φ
√
g
{
1 + 1
2
F2 + 1
8
(F2)2 − 1
4
F4
}1/2
, (36)
10 This action has the property that after dualizing the worldvolume vector into a tensor
the dual action is of the same Born-Infeld form with F replaced by i⋆H. The same is true
for all worldvolume dimensions d ≤ 5 but not for d ≥ 6 [14].
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with
F2 ≡ F ijFij , F4 ≡ F ijFjkFklFli . (37)
It is therefore tempting to start with an action in d = 6 which is also
of fourth order in H under a square root. However, computer calculations
we performed show that for such a fourth order action with a square root to
be self-dual, the argument of the root must be either of second order in H,
or it must be a full square, giving rise to the kinetic term in (10). Neither
possibility reduces to (35) in d = 5 (after eliminating H using the nonlinear11
selfduality constraint). Extensions of the argument under the square root to
higher orders inH which vanish on double dimensional reduction are possible.
Due to the complexity of the calculations we have not been able to check the
selfduality in this case.
Another approach is to extend more systematically the lowest order ki-
netic term in (10) to higher orders in H. At fourth order, the most general
action that we can write is
S =
∫
d6ξ
{√−g
[
1 + 1
2
H2 + a(H2)2 + b(H2ij)2 + cH4 +O(H6)
]
(38)
+ǫ
(
1
70
C˜ + 3
4
∂WC
)}
,
where we have used the following notation:
H2 ≡ HijkHijk , H2ij ≡ HimnHjmn ,
(H2ij)2 ≡ H2ijH2ij , H4 ≡ HijkHilmHj lnHknm ,
(39)
for all the possible terms that can appear to order four in H. It turns out
that, to orderH4, Poincare´ self-duality does not impose any constraint on the
coefficients a, b, c. This is related to the fact that all three H4 invariants in
(38) have the property that they are invariant under the replacement ofH by
⋆H. We expect that an expansion of the type (38) will put some constraints
on the expansion coefficients but not determine them uniquely. Most likely
11Note that the selfduality constraint H = ⋆H gets modified with terms of higher order
in H.
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these constraints will be consistent with the Born-Infeld action upon double
dimensional reduction. In view of this we have not pursued this approach
further.
A special property of (35) opens another possibility. Note that
[det(gij + Fij)]2 = g det(gij − F2ij) . (40)
The right hand side of (40) can be generalised to d = 6: det(gij − H2ij).
However, an action involving this determinant does not appear to be self-
dual, nor does it give the correct Dirichlet four-brane action on reduction.
Finally, we note that an alternative approach to investigate the nonlin-
earities is to introduce an independent worldvolume metric. Solving for its
equation of motion automatically introduces nonlinearities. This approach
is known to work in relating the eleven-dimensional membrane to the ten-
dimensional Dirichlet two–brane via direct dimensional reduction [8]. A con-
jecture for the five-brane action has been given in the same reference. Note
that this conjecture satisfies our criterion of Poincare´ selfduality12, although
it is not unique in this sense. The double dimensional reduction of the metric
leads to an independent worldvolume metric, vector and scalar. It would be
interesting to see whether eliminating these fields plus using the (reduced)
selfduality condition reproduces the Dirichlet four-brane action.
4 Conclusion
The problem of finding the complete nonlinear kinetic term of the eleven-
dimensional five-brane action remains. Given the fact that this kinetic term
must be related to the nonlinear Born-Infeld term upon double dimensional
reduction, we expect that an answer to all orders must exist. One would
also expect the answer to be simple and to have some geometrical interpre-
tation, like the Born-Infeld action. Finding this complete nonlinear action
is a challenge. A first step forwards involves finding out which restrictions
the Poincare´ selfduality imposes on the form of the action. This problem
is similar to finding nonlinear extensions of electrodynamics that are con-
sistent with electric-magnetic duality, the only difference being that in our
12The corresponding (linear in H) selfduality condition contains the independent world-
volume metric and not the induced metric. Eliminating the worldvolume metric leads to
a nonlinear selfduality condition.
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case we are dealing with a tensor instead of a Maxwell vector field. In the
case of electrodynamics the selfdual Lagrangians are related to solutions of
certain Hamilton-Jacobi equations [18]. It would be interesting to extend the
programme of [18] to the case of an antisymmetric tensor field.
Finally, we have restricted the discussion to the bosonic part of the ac-
tion only. The full super five-brane action, including the fermions, must be
kappa-symmetric in order to have the correct Bose-Fermi matching. In the
case of the supermembrane the kappa-symmetric extension is known [1]. It
involves replacing all bosonic fields by superfields. In this context, it is of
interest to note that the five-brane action contains the dual six-form field C˜.
This suggests that supersymmetrizing the five-brane action requires a super-
space description of eleven-dimensional supergravity that involves a six-form
superfield C˜(X, θ). It would be interesting to find this superspace formula-
tion.
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